As a part of the program 'discrete quantum mechanics,' we present general reflectionless potentials for difference Schrödinger equations with pure imaginary shifts. By combining contiguous integer wave number reflectionless potentials, we construct the discrete analogues of the h(h + 1)/ cosh 2 x potential with the integer h, which belong to the recently constructed families of solvable dynamics having the q-ultraspherical polynomials with |q| = 1 as the main part of the eigenfunctions. For the general (h ∈ R >0 ) scattering theory for these potentials, we need the connection formulas for the basic hypergeometric function 2 φ 1 ( a, b c |q ; z) with |q| = 1, which is not known. The connection formulas are expected to contain the quantum dilogarithm functions as the |q| = 1 counterparts of the q-gamma functions. We propose a conjecture of the connection formula of the 2 φ 1 function with |q| = 1. Based on the conjecture, we derive the transmission and reflection amplitudes, which have all the desirable properties. They provide a strong support to the conjectured connection formula.
Introduction
It is well known that the general reflectionless potentials [1] in ordinary Quantum Mechanics (QM for short) can be constructed from the vacuum by repeated application of Darboux transformations in terms of the exponential seed solutions e k j x +c j e −k j x (k j > 0,c j ∈ R) [2, 3] . This fact also explains that the reflectionless potentials are exactly solvable, that is, all the eigenvalues {−k 2 j } and the corresponding eigenfunctions are obtained explicitly. In this case, all the bound state eigenfunctions are elementary functions expressed as a ratio of determinants. It is also known that the typical exactly solvable potential h(h + 1)/ cosh 2 x [4, 5] , with integer h ∈ Z >0 (reflectionless case), can be constructed by special combinations of the integer wave number reflectionless potentials, k j = j,c j = (−1) j−1 (j = 1, . . . , h). For this potential with generic h, besides the eigenpolynomial, which is the Jacobi polynomial, the scattering amplitudes are exactly calculable through the connection formulas of the Gaussian hypergeometric functions [6, 7] .
The motivation of this paper is to present the parallel results in discrete Quantum Mechanics with pure imaginary shifts [8, 9] . That is, (i) To construct general reflectionless potentials by multiple Darboux transformations [10, 11, 12] in terms of the exponential seed solutions of the vacuum. The corresponding discrete eigenvalues and eigenfunctions are obtained simultaneously. That is, the reflectionless potentials are exactly solvable.
(ii) By combining special exponential seed solutions corresponding to contiguous integer wave numbers, the discrete counterpart of the h(h + 1)/ cosh 2 x potential is constructed. The obtained potentials are identified as one of the exactly solvable systems introduced in our recent work [13] having the sinusoidal coordinates η(x) = sinh x and |q| = 1. For the generic couplings, the ground state wave functions consist of quantum dilogarithm functions [14] . The excited states wave functions are described by the q-ultraspherical polynomials and/or Heine's hypergeometric functions 2 φ 1 [15] . For the special couplings realizing the reflectionless potentials, the quantum dilogarithms are shown to degenerate into elementary functions. (iii) We propose a conjecture of the connection formula for the basic hypergeometric function 2 φ 1 with |q| = 1, built upon the empirical correspondence between the infinite q-shifted factorials and the quantum dilogarithms. The transmission and reflection amplitudes for generic couplings are derived based on the conjectured connection formula for the basic hypergeometric function 2 φ 1 ( in ordinary QM is given in § 3.1. The derivation of the discrete counterpart is done in two steps. The reflectionless case is derived directly from the special combinations of discrete reflectionless potentials in § 3.2. It is identified with a special case of the discrete exactly solvable systems with the sinusoidal coordinate η(x) = sinh x introduced earlier [13] . The properties of the generic case are explored in some detail in § 3.3. A conjectured connection formula for the basic hypergeometric function with the base |q| = 1 is presented in § 3.4.
The scattering amplitudes are derived and their properties are examined. The final section is for a summary and comments. A few supporting evidences for the conjectured connection formula of the basic hypergeometric functions and for the replacement rule between the infinite q-shifted factorial and the quantum dilogarithm function are given in Appendix.
Reflectionless Potentials
Here we derive the general reflectionless potentials in discrete QM with pure imaginary shifts. Let us start with the basic formulation. In discrete QM the momentum operator
enters in the Hamiltonian in the exponentiated forms e ±γp (γ ∈ R), which give pure imaginary shifts to the wave function
The Hamiltonian H depends on an analytic function of x, V (x) and it has a factorised form:
2)
where γ ∈ R =0 is a real parameter and we assume γ > 0 in the following. The * -operation on an analytic function f (x) = n a n x n (a n ∈ C) is defined by f
in which a * n is the complex conjugation of a n . The trivial choice V (x) ≡ 1 gives the free Hamiltonian H 0 together with the exponential and wave solutions:
4)
)
. Let us call e ikx the right moving wave and e −ikx the left moving wave. In the γ → 0 limit, these quantities reduce to the well-known counterparts in ordinary QM:
and the range of k becomes simply 0 < k.
We deform H 0 by the N-step Darboux transformations [10, 11, 12] in terms of the following exponential seed solutions ψ 1 (x), ψ 2 (x), . . . , ψ N (x) in this order,
Since the inverse of these seed solutions are locally square integrable at x = ±∞, these transformations are state adding transformations and N eigenstates are added if the resulted
Hamiltonian is non-singular. First we rewrite H 0 as 
The Casoratian of functions {f j (x)} n j=1 is defined by
14)
is rewritten as, by setting A
The Casoratian of exponential functions is
By the choice of the signs of the constants (−1)
, it is easy to see that the Casoratians are positive for real x: j (x) (j = 1, 2, . . . , N) and the right moving wave Ψ [N ] k (x) (k > 0) are (for example, see [17] ):
20)
In (2.20)ψ j means that ψ j is excluded from the Casoratian. By using this, the asymptotic forms of Φ k (x) at x → ∞ are: 23) and the asymptotic forms at x → −∞ are:
1 For the hermiticity of the Hamiltonian, however, we have to show that u N (x) (2.29) has no zeros in the strip |Im x| < 1 2 γ in the complex plane (for example, see [13] ).
j (x) is indeed square integrable, and the transmission and reflection amplitudes of Ψ
Thus we have established that the general reflectionless potentials are exactly solvable including the scattering problem. We have
n (x) and E
[N ] n are defined by
Note that the Hamiltonian H [N ] has N eigenstates of arbitrary eigenvalues E
[N ]
n . The potential function V
[N ] (x) and the eigenfunction Φ
j (x) are rational functions of e k j x .
In the rest of this section, we show that some quantities related with the discrete reflectionless potentials have similar expressions to the counterparts in ordinary QM, i.e. the profile of the KdV solitons [1, 3, 18] . By introducing u N (x) by
This function u N (x) (2.29) can be expressed in a determinant form,
Herec j and c j are related byc 
which is manifestly positive for real x and positive k j (< π γ ) and c j . We define u N,j (x)
This u N,j (x) is written as a determinant by the replacement c m →
In the γ → 0 limit, the Casoratian reduces to the Wronskian,
where f j (x)'s are assumed to be independent of γ. In the γ → 0 limit, under the assumption that k j andc j are independent of γ ((2.32) implies c j = O(γ)), the various quantities (with appropriate overall rescalings) in this section reduce to the counterparts in ordinary quantum mechanics. For example, the reflectionless potential is
Although the Hamiltonians are related directly, the relation between the potential function
whose limit is
It is well known that the reflectionless potential in ordinary QM (2.38) with a proper time dependence, that is, It is an exactly solvable system with finitely many discrete eigenlevels and its scattering problem is also exactly solvable.
It is well known that the reflectionless 1/ cosh 2 x potential is obtained from the trivial potential U(x) ≡ 0 by multiple Darboux transformations in terms of a very special choice of the exponential seed solutions (2.8)
In other words, the potential (2.38) with
gives rise to
together with its n-th discrete eigenfunction
where P (α,β) n (η) is the Jacobi polynomial. To be more precise, the above choice of k j andc j (3.1) gives rise to the Wronskians of the seed functions ψ 1 , . . . , ψ N (2.8): 6) and the scattering amplitudes
which is the γ → 0 limit of (2.26) with k j = j (j = 1, . . . , N).
Likewise the Hamiltonian with the generic coupling h,
has the eigenvalue E n and the corresponding eigenfunction φ n (x) (for example see [19] )
where [x] ′ denotes the greatest integer not exceeding and not equal to x. The transmission and the reflection amplitudes [6, 7] are:
The pole of the Gamma function Γ(−h) in the denominator of r(k) gives the reflectionless potential r(k) = 0 at h = N ∈ Z >0 . It is elementary to verify the unitarity relation
For deriving the scattering amplitudes of this potential, the Jacobi (Gegenbauer) polynomial in the eigenfunction (3.9) is replaced by the Gaussian hypergeometric function
Then it is analytically continued in the complex k plane by the substitution n = h + ik: 12) which goes asymptotically to the unit amplitude right moving wave e ikx at x = +∞. By using the connection formula of the Gaussian hypergeometric function,
the asymptotic behaviour of the above wave function (3.12) at x = −∞ is given by
The unit amplitude right moving wave e ikx at x = −∞ propagates to t(k)e ikx at x = +∞ and reflected to the left moving wave r(k)e −ikx at x = −∞, with the transmission amplitude t(k) and the reflection amplitude r(k) as given above (3.10).
Reflectionless case
Next, the discrete QM counterpart goes as follows. For the choice of k j andc j in (3.1), the N (x): 
The change of the sinusoidal coordinates cos x → i sinh x is realised by ((3.39) in [13] )
We choose the proportionality constant in the eigenfunction φ
n (x) of the reflectionless potential (2.28) as
In [13] we presented the exactly solvable discrete QM system with |q| = 1 and the sinusoidal coordinate η(x) = sinh x. Its Hamiltonian (with K = 1) is For the parameters
its eigenfunctions are
The quantum dilogarithm function Φ γ (z) [14] plays the main role in the orthogonality weight function for the finitely many orthogonal polynomials P n (η) (3.26) with |q| = 1. It is a meromorphic function, defined for |Im z| < γ + π by the integral representation
4 sinh γt sinh πt dt t (|Im z| < γ + π), (3.28) and analytically continued to the whole complex plane by the functional equation
(3.29)
For more properties of the quantum dilogarithm functions, see Appendix B in [13] .
Now let us identify the obtained potential function V
[N ] (x) (3.16) as a special case of the above exactly solvable |q| = 1 systems. We assume
and choose the parameters of H ′ in (3.25) 
and the ground state wave function φ 0 (x) (3.27) and the eigenpolynomials P n (η) (3.26) of
(3n−1))n p n (iη; e 
and the highest level of discrete eigenstates is also n max = [
In order to show that the quantum dilogarithm in the ground state wave function φ 0 (x) (3.27) of H ′ reduces to the elementary function (3.33), the functional equation (3.29) is used repeatedly,
Thus the discrete analogue of the reflectionless 1/ cosh 2 x potential is constructed by the special combination of the discrete reflectionless potential.
Generic case
Now we turn to the construction of the discrete analogue of generic 1/ cosh 2 x potential. Let us consider H ′ (3.23) with the parameters,
and define a new Hamiltonian H:
The parameter ranges satisfy the previous restrictions (3.25). The eigenstates of H are
38)
where we have used the properties
Note that P n (η) has definite parity P n (−η) = (−1) n P n (η), like the Gegenbauer polynomial P n in (3.9). It should be stressed that this Hamiltonian H (3.37) is symmetric under the parameter inversion:
Note that the eigenfunctions (3.39)-(3.41) are not invariant under the parameter inversion because half of the solutions are discarded to ensure the square integrability. On the other hand, the scattering amplitudes are invariant since the full two-dimensional solution space is needed for the scattering problem. This Hamiltonian H has the correct γ → 0 limit [13] ,
which has regular singular points at x = iπ/2, mod iπ, with the characteristic exponents h + 1 and −h. The invariance under the above parameter inversion (3.43) is inherited by the Hamiltonian and by the transmission and reflection amplitudes t(k), r(k) (3.10).
Scattering amplitudes: Conjectures
In ordinary QM, scattering problems can be formulated for non-confining potentials, that is, those having finitely many discrete eigenstates defined on a full line or a half line. They are exactly solvable, i.e. the transmission and reflection amplitudes are exactly calculable, if the discrete eigenvalues and eigenfunctions are exactly known [6, 7] . We naturally expect the same situation in discrete QM and the scattering problem for the Hamiltonian H (3.37)
should also be exactly solvable. Asymptotically the Hamiltonian H (3.37) has the plane wave solutions e ±ikx , since it approaches to the free Hamiltonian H 0 (2.4):
The scattering problem is formulated as follows. We pick up a special wave solution Ψ k (x) which approaches to the unit amplitude right moving plane wave at x → +∞:
Analytically continued in x to the region x = −∞, Ψ k (x) is a linear combination of the right and left moving plane waves:
The transmission t(k) and the reflection r(k) amplitudes are defined by
At a possible zero of A(k) (a pole of t(k)) on the positive imaginary k axis, k = iκ (κ > 0):
the special wave solution Ψ k (x) analytically continued in the complex upper k plane has the asymptotic behaviours of a bound state 
where the substitution of the coordinate x → π 2 − ix (3.21) is made corresponding to the sinusoidal coordinates change cos x → i sinh x in the q-ultraspherical polynomial (3.20) . Next it is analytically continued into the complex k plane by the substitution n = h + ik as in the ordinary QM: |q ; z) with |q| = 1 is a subtle problem and we do not know if the answer is known. We consider |q| = 1 is approached from below, |q| ր 1 [22] , which is realised by adding an infinitesimal negative imaginary part to γ, γ → γ − iǫ (ǫ > 0). In the following, we assume that the function 2 φ 1 ( a, b c |q ; z) with |q| = 1 has a positive radius of convergence at z = 0 and it is analytically continued to the whole complex z plane.
In order to evaluate Ψ k (x) in the asymptotic region x → −∞, we need the connection formula for the basic hypergeometric function 2 φ 1 ( a, b c |q ; z) with |q| = 1. However, the authors are aware of the connection formula only for 0 < q < 1 (4.3.2) in [15] :
derived by Watson [23] . The underlying logic for the formula is that the basic hypergeometric functions on the right hand side with the z-depending factors satisfy the same difference equation as the left hand side:
and q Dz f (z) = f (qz). This situation is unchanged when the base is changed from 0 < q < 1 to |q| = 1. For |q| = 1, however, the infinite q-shifted factorial (a; q) ∞ does not converge. We know through the construction of exactly solvable discrete QM systems with |q| = 1 [13] , that the infinite q-shifted factorials should be replaced by quantum dilogarithm functions (3.28). Experience with q-orthogonal polynomials with |q| = 1 [13] Based on the Conjecture 1, the asymptotic form of the plane wave solution Ψ k (x) at x = −∞ is obtained:
This leads to the transmission and the reflection amplitudes for the Hamiltonian H (3.37): ) + iπ in the numerator of t(k) (k = iκ, κ > 0) at
corresponds to the eigenvalue
there are no other poles of t(k). The scattering amplitudes satisfy the unitarity relation
When h is a positive integer N, they reduce to the special case obtained in § 2 (2.26) for k j = j (j = 1, . . . , N):
, r(k) = 0. ) + iπ in the denominator of r(k) at h = N is responsible for the reflectionless property. There are no other zeros of r(k). Thus we do believe these scattering amplitudes are correct and they provide a strong evidence for the connection formula, Conjecture 1. We do hope experts to provide an analytic proof of the connection formula.
For the verification of these results, on top of (3.29), (3.42), the following properties and formulas are useful [13] :
functional relations: 
Summary and Comments
In ordinary QM, the scattering problems for non-confining exactly solvable systems defined on the full line or half line are known to be exactly solvable [6, 7] . We have recently developed several exactly solvable systems with non-confining potentials in discrete QM with pure imaginary shifts [13] . The eigenpolynomials are q-orthogonal polynomials with |q| = 1 and their orthogonality weight functions are quantum dilogarithm functions. One of them is the discrete counterpart of the 1/ cosh 2 x potential. We do expect that its scattering problem is exactly solvable. However, the solutions of scattering problems in general require the connection formulas of the (basic) hypergeometric functions. To the best of our knowledge, the connection formula for 2 φ 1 with |q| = 1 is not known. We made a conjecture of the connection formula Conjecture 1 (3.54), built upon the empirical correspondence between the infinite q-shifted factorial and the quantum dilogarithm (3.53). Based on the conjectured connection formula for 2 φ 1 with |q| = 1, the scattering amplitudes of the discrete analogue of the 1/ cosh 2 x potential are derived (3.57)-(3.58). They reproduce well the reflectionless limit and retain the proper symmetry of the Hamiltonian. We do believe that the Conjecture 1 (3.54) is correct and ask experts to provide its analytical proof.
It is also interesting to investigate the scattering problems of the exactly solvable systems with non-confining potentials developed in [13] ; the discrete counterpart of the Morse potential with the sinusoidal coordinate η(x) = e ±x , the deformation of the hyperbolic DarbouxPöschl-Teller potential with η(x) = cosh x, the discrete counterpart of the the hyperbolic symmetric top II with η(x) = sinh x.
As for the discrete quantum mechanics with real shifts [ 
